Abstract. In many applications biorthogonal wavelets prove to be more ecient than orthogonal ones. In this note we present a procedure for constructing biorthogonal multi-scaling functions with any given approximation order, starting from a low pass multi-lter H 0 . We show that dual low pass multilter F 0 can be found if det(H 0 (z)) and det(H 0 (?z)) do not have common roots. We also suggest \two-scale balancing" as a way to enhance approximation properties of F 0 (z). As an illustration to our technique we construct multi-scaling functions with various smoothness biorthogonal to Hermite cubics and a pair of low-pass biorthogonal multi-lters based on the well known GHM orthogonal example.
Introduction
Most wavelet applications consist of three parts: decomposition (analysis) of the signal using a wavelet basis, processing of the decomposed data, and reconstruction (synthesis) of the signal. Generally, analysis and synthesis steps use di erent wavelets w(t) and e w(t). A natural requirement on this pair is exact reconstruction of the initial data if no processing is done. In other words, two bases f (t?k); 2 j=2 w(2 j t?k); j; k 2 Z; j 0g and f e (t?k); 2 j=2 e w(2 j t?k); j; k 2 Z; j 0g
should be biorthogonal. Here (t) and e (t) are scaling functions generating corresponding multiresolution analyses. If the translates (t ? k); k 2 Z are orthogonal then the whole wavelet basis is orthogonal and one can set e w(t) = w(t). Orthogonal bases are often desirable but for applications such as image compression, biorthogonal wavelets prove to be more e cient.
In the case of scalar wavelets generated by one scaling function the choice of e w(t)
is well studied 4, 9] . A recent idea to allow several scaling functions introduced the notion of multiwavelets. Experiments show that multiwavelets have the potential to outperform scalar ones 13, 15] in some applications. In 8], a procedure was presented for building multi-scaling functions with any given approximation order and symmetry. This construction does not guarantee orthogonality, so the next question is how to use an analysis multi-lter to obtain a biorthogonal synthesis
one. An attempt to solve this problem was given in 12] where it was suggested to use the cofactor method, for design of a synthesis multi-lter. The resulting pair has perfect reconstruction property, but it turns out that underlying bases are not biorthogonal.
In this note we o er a way to construct a biorthogonal synthesis multi-scaling function if the analysis multi-scaling function is known. First we construct the basic dual symbol without any approximation properties. This requires only solution of a linear system of equations. After that we add approximation and smoothness to the synthesis lter by \balancing zeros at z = ?1". The procedure presented here is a generalisation of scalar methods using two-scale similarity transform (TST) 10] and techniques from 8].
As an example we construct multi-scaling functions with various smoothness dual to Hermite cubics and obtain a biorthogonal pair based on Geronimo-HardinMassopust (GHM) 5] orthogonal scaling functions.
Other approaches to the biorthogonality of multiwavelets can be found in 1, 2, 3].
Construction of Dual Symbol
Let us assume that we are given a stable multi-scaling function (t) = 0 (t); : : : ; r?1 (t)] T from L 1 (R), satisfying a matrix dilation equation
where h 0 (k) are r by r matrices. Our goal is to construct a dual multi-scaling function e (t)= e 0 (t) holds and e (t) has good approximation properties. Through the paper, I denotes the r by r identity matrix. It is easier to work in the frequency domain so we rewrite dilation equations (2.1) and (2.2): are their symbols. Without loss of generality we assume that h 0 (k) = 0 for k < 0, although f 0 (k) might not be equal 0 for k < 0.
Analogous to the biorthogonality condition (2.3) in the Fourier domain is the condition of perfect reconstruction (PR):
H 0 (!)F 0 (!) + H 0 (! + )F 0 (! + ) = I: Usually PR condition is more convenient to express it in terms of z = e ?i! :
H 0 (z)F 0 (z) + H 0 (?z)F 0 (?z) = I: (2.5) Our task is to solve (2.5) for F 0 (z). Moreover, we want F 0 (z) to have certain properties so that corresponding multi-scaling function e (t) will provide su cient approximation order.
Let us mention that (2.5) is necessary but not su cient for the biorthogonality of the corresponding multiwavelet bases. (2.3) holds, if in addition to (2.5), the joint transition operator 12] has simple eigenvalue 1.
In the scalar case (r = 1), (2.5) is solved for F 0 (z) (this can always be done if polynomials H 0 (z) and H 0 (?z) do not have common roots 4, 9] ) and then several approximation orders (zeros at z = ?1) may be taken from H 0 (z) and added to F 0 (z). We will follow the same pattern in the multi (r > 1) case.
Let us begin with a condition of the existence of a solution of matrix equation (2.5).
Theorem 2.1. If det(H 0 (z)) and det(H 0 (?z)) do not have common roots, then there exists a matrix polynomial F 0 (z) such that condition of perfect reconstruction (2.5) is satis ed.
Proof. Since det(H 0 (z)) and det(H 0 (?z)) do not have common roots, matrix polynomials H 0 (z) and H 0 (?z) are left coprime. To prove this assertion, assume for the sake of contradiction that H 0 (z) and H 0 (?z) are not left coprime. Then by de nition there are matrix polynomials L(z);
) must share at least one root.
In 14] (p. 693, Lemma 13.5.1) was proved that if P(z) and Q(z) are left coprime, then there exist matrix polynomials V p (z) and V q (z) such that P(z)V p (z) + Q(z)V q (z) = I: Set P(z) = H 0 (z) and Q(z) = H 0 (?z) H 0 (z)V p (z) + H 0 (?z)V q (z) = I: (2.6) (2.6) also holds if sign of z is switched:
Now add (2.6) and (2.7) and divide the result by 2:
2. The requirement for det(H 0 (z)) and det(H 0 (?z)) not to have common roots is actually too strong. Left coprimeness of H 0 (z) and H 0 (?z) is su cient for existence of F 0 (z). Nevertheless, left coprimeness is much harder to check.
To nd F 0 (z) from (2.5), we have to solve a system of linear equations. Generally, the solution does not immediately lead to a nice multiwavelet. We need to ensure approximation and smoothness of the dual basis.
In the scalar case this can be done by balancing zeros at z = ?1 ( 0 (?1) = 0, hence the wavelet corresponding to F new 0 has one more vanishing moment and it is smoother than F 0 (z).
Assume now that there are r > 1 scaling functions 0 (t); : : : ; r?1 (t) with matrix symbol H 0 (z), and at least a constant can be represented as a linear combination of their integer translates. Then there exists a vector u 6 = 0 such that (1)) is also an eigenvector of F 0 (1). By (2.10) (M(1)) u = 0, so we need to check that u is an eigenvector of F 0 (1) as well. To see this, set z = 1 in (2.5) and multiply it by u T from the left:
u T H 0 (1)F 0 (1) + u T H 0 (?1)F 0 (?1) = u T : According to (2.8) the rst term is u T F 0 (1) and the second term is 0. Thus u T F 0 (1) = u T and u is an eigenvector of F 0 (1) corresponding to the eigenvalue 1.
To nish the proof we substitute (2.9) into (2.5) and multiply it by M ?1 (z 2 ) from the left and by M(z 2 ) from the right: Using (2.11), we obtain the desired result (2.12).
In 8] it was shown that F new 0 (z) has one more approximation order than F 0 (z) and the new multi-scaling function is smoother then the old one.
With the help of Theorems 2.1 and 2.3, dual matrix symbols providing any given approximation order can be constructed in the following way. Suppose H 0 (z) is known and det(H 0 (z)) does not share roots with det(H 0 (?z)). We need to construct F 0 (z) such that PR condition (2.5) is satis ed and F 0 provides approximation order at least m. Using two-scale similarity transforms of the type (2.9), we can form a symbol H m 0 (z) providing m more approximation orders that H 0 (z) (see 8]). By 
Examples
In this section we use Theorems 2.1 and 2.3 for construction of multi-scaling functions biorthogonal to Hermite cubics and show how biorthogonal multi-scaling functions can be obtained from GHM orthogonal ones. Translates 0 (t?k) and 1 (t?k) form a basis for the space V 0 of all C 1 piecewise cubics on unit intervals. This basis is not orthogonal and we need to nd a dual multi-scaling function to produce biorthogonal basis. In other words, we are looking for a matrix polynomial F 0 (z) such that condition of perfect reconstruction (2.5) is satis ed. Moreover, we want the dual basis corresponding to the symbol F 0 (z) to have approximation order at least m (such that all polynomials 1; t; : : : ; t m?1 can be reproduced by a linear combination of translates e 0 (t?k), e 1 (t?k)). This symbol provides approximation order 4 but unfortunately it does not ensure su cient smoothness. F 0 (1) has one eigenvalue bigger that 1, which means that the corresponding multi-scaling function is not in L 2 .
In order to obtain an L 2 solution biorthogonal to Hermite cubics we need to increase m up to 16 ( Figure 2 ) and only m = 64 ensures continuous dual functions ( Figure 3) . We do not include explicit forms of corresponding F 0 's because they are too long (the degree of F 0 (z) su cient for L 2 duals is 16 and in the continuous case it is 64). We note that most of the coe cients in this matrix polynomials are According to Theorem 2.3 1 2 H new 0 (z)(F new 0 ) (z) + H new 0 (?z)(F new 0 ) (?z) = I; and we have constructed a pair of biorthogonal multi-scaling functions. The rst (t) = 0 (t) 1 (t)] T , corresponding to symbol H new 0 (z) has approximation order 1 and is discontinuous (Figure 4 ). The dual, e (t) = e 0 (t) e 1 (t)] T , corresponding to symbol F new 0 (z) provides approximation order 3 and is continuously di erentiable ( Figure 5 ). All scaling functions have quite short support. Figure 5 . GHM biorthogonal scaling functions e 0 (t) and e 1 (t) with approximation order 3
